Game-theoretic Study of Electricity Market Mechanisms  by Vasin, Аlexander
 Procedia Computer Science  31 ( 2014 )  124 – 132 
1877-0509 © 2014 Published by Elsevier B.V. Open access under CC BY-NC-ND license. 
Selection and peer-review under responsibility of the Organizing Committee of ITQM 2014.
doi: 10.1016/j.procs.2014.05.252 
ScienceDirect
Available online at www.sciencedirect.com
2nd International Conference on Information Technology and Quantitative Management, 
ITQM 2014 
Game-theoretic Study of Electricity Market Mechanisms 
Аlexander Vasin*  
  
Faculty of Computational Mathematics and Cybernetics,
Lomonosov Moscow State University, 119991 Moscow, Russia, 
Abstract 
This paper surveys results on Nash equilibrium and its refinements for several variants of the architecture for 
oligopolistic electricity markets. For different kinds of one-stage and two-stage auctions, I compare the game-
theoretic solution with the competitive equilibrium and estimate the loss of consumer surplus due to producers’
market power. I conclude on the optimal architecture of the market. 
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1. Introduction. 
A typical structure of electricity market is oligopoly. Consumers usually do not play an active role in 
electricity auctions. Their behavior corresponds to a known demand function with a low elasticity. So an 
important problem for such markets is limitation of large producers’ market power. Splitting of the electricity 
market into small companies is a bad way to deal with the problem because of the scale effect and the 
reliability requirements. (Stoft [1] estimates the scale effect as valuable for capacities till 3MVt). 
Another way is to design such mechanism that its equilibrium state coincides with or is maximally 
close to the Walrasian equilibrium – the optimal state of the market according to the Welfare theorem [2]. The 
literature on the markets of homogeneous goods ([3-9] and many others) models different mechanisms as 
strategic games where producers are the players, and examines  Nash equilibrium or its refinement (SPR, SFE) 
as behavior model. Other desirable properties of the mechanism are: existence of  Nash equilibrium in 
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dominating strategies; the strategies can be determined proceeding from the private information of an agent and 
reveal his real characteristics (“revelation  principle”).  
  
 The present paper surveys results of game-theoretic analysis of economic mechanisms related to 
electricity markets. I consider theoretical models for different variants of the uniform price auction, the pay-as-
bid auction and Vickrey auction, as well as two-stage markets including forward and spot sales.  
 
2. Uniform price auctions 
 
The main component of any wholesale electricity market is a day ahead market (DAM). Its typical 
design is the uniform price  auction where a producer’s bid determines the supplied capacity depending on the 
price. The market price corresponds to the intersection of the total supply function with the demand function. 
The real auctions differ in the rules for acceptable bids. Russian DAM accepts bids with at most 3 steps, a 
different bid for every hour of the next day, while the market of England and Welsh permitted up to 48 steps, 
but a unique bid for the whole day.  
 Theoretical analysis of uniform price auctions includes following directions.    
 1) many papers (see [3-4],[10-11] and so on) study the Cournot auction where each seller proposes a 
fixed amount of the good. (A.A. Vasin, P.A. Vasina, T.Yu. Ruleva [12]) prove existence of the unique Nash 
equilibrium under non-decreasing demand elasticity and marginal costs. They show that the relative deviation 
of the Cournot price from the Walrasian price is less or equal to the share of the largest company in the total 
production volume, divided by the demand elasticity. This estimate coincides with the Lerner index for the 
company and is precise if its marginal costs are equal for the Walrasian and the Cournot equilibria. The 
following inequality characterizes relation between Cournot ( *p ) and Walrasian ( p~ ) prices:  
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where s* is the equilibrium market share of the largest company, and e* is the elasticity of market demand at 
*p . This estimate becomes precise if the marginal cost of the largest company at the Cournot equilibrium is 
the same as at the competitive equilibrium, in particular, this is true for a symmetric oligopoly with a fixed 
marginal cost. Another example that provides the same ratio between Cournot and  Walrasian prices is a market 
where a large firm with the market share s*  and a fixed marginal cost interacts with the competitive fringe with 
lower costs and a limited capacity ([12], see Fig.1).  
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Fig. 1. Cournot and Walrasian prices for the large firm in competitive environment. 
 
 Newbery [13] considers  these results in context of the data for Europian electricity markets. The 
share of the largest company typically exceeds 0.25 , while the demand elasticity is less than  0.2. Thus, the 
data obviously contradicts to the Cournot model. Newbery calls it as Lerner Paradox and discusses different 
explanations considered below.  
 
 
2) Vasin, Vasina, Ruleva [12] consider a uniform price auction, where a strategy of each commodity 
producer is a non-decreasing step function that determines the actual supply of goods depending on the price. 
They show that, for any Nash equilibrium, the market price lies between the competitive equilibrium price and 
the Cournot price, and vice versa, each price in this range corresponds to a Nash equilibrium. However, only 
the Nash equilibrium corresponding to the Cournot outcome is stable with respect to the dynamics of adaptive 
strategies. 
Kreps & Sheinkman[14] show that the SPE outcome of the two-stage model “first quantities, then 
prices” also corresponds to the Cournot equilibrium. 
3) Models by Baldick at al. [15], Green and Newbery [16], Klemperer & Meyer [17] describe the 
uniform price supply function auction with continuous bids as a game in normal form and characterize the 
Nash equilibria  of the auction. Klemperer and Meyer [17] study the competition model with arbitrary bid 
functions, including non-monotonic. For a given demand function  they  receive a lot of Nash equilibrium 
corresponding to all prices grater than the Walrasian price. Green and Newbery[16] consider a symmetric 
duopoly with linear functions of supply and demand and get the formula for the calculation of the Nash 
equilibrium. Baldick et al. [15] generalize the results to the asymmetric oligopoly. Abolmasov and Kolodin [18] 
and Dyakova [19] applied this approach to study electricity markets in two Russian regions. They use the affine 
approximations of the true supply functions and obtain a significant reduction of the "market power" in the 
supply function auction compared with the Cournot auction. 
Can a model of SFE with linear supply functions and marginal costs  adequately describe and explain 
the Lerner paradox? Note that the assumption of affine structure of the supply function does not correspond to 
the actual cost structure of energy companies, nor the practice of the auction. In a typical DAM every producer 
may submit a bid corresponding to a non-decreasing piece-wise step  function. In a first approximation  the real 
structure of the variable costs of many generating companies also corresponds to such function. Usually, such a 
company owns several power generators with limited capacities, each of them is characterized by  constant 
marginal costs. Their main component - the consumption of fuel and water. Under these conditions, the 
equilibrium bid is a nonlinear function of price. This is confirmed by the results obtained in the other direction 
of research initiated in the same paper, Klemperer & Meyer [17]. 
An important feature of electricity markets is uncertainty of demand, which is due to random changes 
of the environment and also to variations of the demand during the time for which the bids are submitted. In 
this context, Klemperer and Meyer [17] proposed a promising auction model and theoretical results. They 
assumed a bid to be a monotone smooth function and the demand function to depend on a random parameter. 
Thus, the cut-off price that equalizes the total supply and demand is random. A bid profile is called supply 
127 Alexander Vasin /  Procedia Computer Science  31 ( 2014 )  124 – 132 
function equilibrium (SFE) if for any parameter value the bid of each firm maximizes its profit under fixed bids 
of other producers. For a symmetric oligopoly, the authors derive a differential equation for an equilibrium bid 
and describe the set of the SFE. 
The SFE price is always lower than the Cournot oligopoly price. In some cases, the price reduction is 
significant ([16]). On this ground,  some researchers claim that the supply function auction is an efficient 
mechanism for reduction of the "market power" of producers.  
However, the computation of the SFE bids is a rather sophisticated mathematical problem. Even in a 
simple case with fixed marginal costs and a limited capacity the equilibrium bid is a combination of a linear 
and a logarithmic functions. The rules of actual auctions do not permit such bids. But Holmberg, Newbery, 
Ralph [21] show that, under a sufficiently large number of possible jumps in the bid and the specific ratio of 
minimum steps of price and volume, the equilibrium of the market with discrete sets of price and volume 
approximates the SFE of the model with continuous dependencies. 
The more difficult problem is that   calculation of the equilibrium bid requires full information on the 
demand function and the cost functions of all competitors, which in practice is lacking.  Why should one expect 
that the actual behavior at the auction corresponds to this concept? 
A similar question for Nash equilibria of normal form games is considered in the framework of 
adaptive and learning mechanisms’ investigation ([21]). The study shows that for some classes of games rather 
simple mechanisms provide convergence of strategy profiles to stable NE. Models of adaptive dynamics 
require neither full information  nor high rationality of the players. It suffices to be able to calculate and 
compare an agent’s profits under the current and alternative strategies. If the adaptive process converges to the 
Nash equilibrium, we can expect the appropriate behavior in the real life. But many NE are not stable in this 
sense.  
Vasin and Gusev [22] examine  best response dynamics for two variants of a symmetric oligopoly 
with  linear demand function: 1) for linear marginal cost function; 2) for fixed marginal cost and limited 
capacity. They prove that in the first case, the dynamics converges to the SFE with a geometric rate. At the 
same time, for the second case the best response does not exist at some stage under general conditions. 
Moreover, even if there exists a sequence of best responses in a certain range of the random parameter values, it 
is typically cyclic, so the convergence to the SFE does not hold  ([23]).  
 
3. Vickrey auction 
  
Another possible variant for DAM organization is Vickrey auction (see [5], [12], [24]). It is rules 
determine the cut-off price and the production volumes proceeding from the bids and the demand function in 
the same way as at the uniform price auction. But the payment to each producer depends on reserve prices 
calculated on the base of the other producers’ bids and consumers’ reserve prices. For any participant, a bid that 
truly reveals his real costs of production is a dominated strategy. The rule for reserve prices’ calculation 
determines the minimal prices that provide existence of the equilibrium in dominated strategies where the 
social welfare reaches its maximum for any production costs. These are important advantages of Vickrey 
auction. But sometimes the price for consumers in such auction exceeds the Cournot price. Usually available 
preliminary information on marginal costs and maximum capacities of generators permits to change the rule for 
reserve prices’ calculation in favor of consumers and at the same time to retain the advantages of Vickrey 
auction ([12]). 
Our calculations for the Central Economic Region of Russia show that the Vickrey auction  price for 
consumers exceeds the Walrasian price at 50% (to compare with 250-400% for the uniform auction price). 
However, such increase seems to be also rather essential. Besides, there exists a reasonable arguments implying 
that the participants of Vickrey auction typically do not  reveal their actual costs, that is, the specified 
equilibrium in dominant strategies is not realized (see [25]).  The main reason is that reporting actual costs 
gives an advantage to the auctioneer (and also to other economic partners) in further interactions with this 
producer.  
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But this argument does not hold for electricity markets, where the cost function and maximal capacity 
of each generator are typically known, and uncertainty pertains to a decrease of the capacities due to 
breakdowns and repairs. In this case the current state of  working capacities is weakly correlated with the future 
state, and the specified argument against revealing the actual costs loses its validity.  Moreover, available 
information may be used for redistribution of the total income in favor of consumers. For this case Vasin et al. 
[12] determine minimal reservation prices such that all remarcable properties of Vickrey auction hold. This 
paper provides results  for comparison of Walrasian, Cournot, Vickrey and modified Vickrey equilibrium 
prices for a stylised model of the electricity market at the  Central economic region of Russia. Table 1 below 
shows the structure of the market. 
 
 
 
Table 1. The structure of the market in the Central Economic Region of Russia 
 
 
                       Mosjenergo 
Power 
generator 
Marginal 
cost 
(rubles/MVt) 
Maximum 
production 
(GVt * 
year) 
 G1 0 5 
G2 75 10 
G3 80 10 
G4 85 25 
G5 90 10 
G6 100 5 
G7 165 10 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
GC1: 
1 0 16 
2 60 2 
3 112 3 
4 125 2 
5 150 16 
6 200 2 
7 255 2 
8 340 10 
GC2: 
1 95 2.5 
2 110 2.5 
3 120 4 
4 128 13 
5 135 6 
6 145 2 
7 162 15 
                   Rosjenergoatom 
2.5 25.4 
GC3: 
1 0 3.5 
2 100 2.5 
3 120 21 
4 150 3.5 
5 170 4.5 
6 200 4.5 
7 215 3 
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The linear demand function                                 corresponds to the data on consumption in 2000.  
Table 2 shows the results for two variants of the market structure: a) consisting of 5 companies, b) consisting of 
3 companies (Mosenergo, Rosenergoatom and UGC that includes all the other generators), and for four values 
of the decline coefficient. 
 
Table 2. Walrasian price and the  ratio for the Cournot ( ), Vickrey (  ) and modified Vickrey (
 
) prices to the Walrasian price in 
the Central economic region of Russia for the variants with 3 and 5 companies. 
 
  
      
0.1 135 4.24 5.65 1.59 2.19 0.51 0.62 
0.2 150 2.45 3.10 1.49 1.92 0.44 0.57 
0.4 172.5 1.56 1.87 1.49 1.76 0.42 0.49 
0.6 219.67 1.15 1.34 1.30 1.46 0.33 0.38 
 
4. Pay-as-bid auction. 
 
Another possible form of the auction is a “pay-as-bid” auction. Sales volumes are defined in the same 
way as for a uniform price auction, but the payment is made to each participant according to the prices 
specified in her bid. This form was used for the electricity market in England and Wales, as well as in Russia in 
the capacity market. 
As a trivial argument in its favor, we note that, for fixed bids, the sales price for consumers is reduced 
compared to the uniform price auction. However, this form has serious drawbacks. Rational behavior of 
participants is significantly different from the above options. Even under conditions of perfect competition, 
submission of a bid corresponding to real costs is unreasonable. The optimal strategy for a producer is to 
calculate the competitive equilibrium price and to offer at this price the corresponding amount. Given the 
incompleteness of the information, it is practically impossible. In the case of imperfect competition, the Nash 
equilibrium in the corresponding game typically does not exist, because the auction is similar to the Bertrand-
Edgeworth model of price competition. This situation is pushing sellers to conclude cartel agreements as a 
means to ensure the stable operation of the market. This, of course, increases their bargaining power. Therefore, 
in our opinion, everyone should agree with C. Wolfram [26], who does not recommend this type of an auction. 
 
5. Forward market. 
 
 The final part of our survey  is devoted to the role of the forward market in reducing the market power 
of large companies. One of the first papers that investigated its impact on the level of competition in 
oligopolistic markets is  Allaz, Vila [27]. They consider a symmetric duopoly. Two producers compete in N 
rounds of forward sales, and then in the spot market. The prices at all stages are equal proceeding from no 
arbitration condition. The results show that the introduction of forward markets increases competition among 
producers, as well as social welfare. As the number of steps N tends to infinity, the SPE outcome tends  to the 
competitive equilibrium. 
Hughes and Kao [28] show that this result can be achieved only under assumption of firms' forward 
positions being perfectly observed, and that in case of firms' positions not being transparent the Cournot 
outcome arises. 
Mahenc and Salanie [29] show that under Bertand-Edgeworth competition at the spot market, a 
possibility of forward cotracts may increase the market power and reduce the social welfare. They establish that 
at the equilibrium each producer buys forwards on its own production in order to increase the spot price. 
James Bushnell [31] considered a two-stage Cournot auction with a constant marginal cost, and 
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showed that the ability to make forward contracts reduces the bargaining power of producers as well as an 
increase in their number in the market from n  to      .  
 Note the following problems  related to the latter study. First, the actual price trends in the electricity 
markets are not consistent with the hypothesis of equality of prices in the spot and forward markets. Usually the 
price in the spot market is slightly lower, but sometimes there are jumps in which the spot price significantly 
exceeds the price in the forward market. The second problem relates to the assumption of the priority of 
consumers with high reserve prices when buying goods in the forward market. It is hard to imagine the 
possibility of such a distribution of consumers without special rationing, which does not exist in real markets.  
 Vasin [21] and Vasin, Daylova[31] consider a two-stage model with a random market price in the spot 
market. Under the presence of  risk-neutral arbitrageurs, the competition between them leads to equality of the 
forward price to the spot price expectation. Consumers operate under conditions of perfect competition and are 
free to choose between the spot and forward markets. The model describes a strategic interaction between 
producers, consumers and arbitrageurs. We find the optimal strategies of rational consumers, depending on the 
reserve price and the parameter characterizing risk aversion. We examine  properties of the subgame perfect        
equilibrium (SPE) for the model under the assumption that the proportion of risk-preferring consumers with 
high reserve prices is constant. 
In this model the producers employ correlated mixed strategies at the equilibrium, and the 
corresponding outcome is random: the expected (rather than actual) spot market price coincides with the price 
in the forward market. Consumers with low reserve prices buy goods at the spot market if the price is lower 
than their reserve price, otherwise they  refuse the purchase. The risk-preferring consumers with high reserve 
prices always buy goods at the spot market. Risk-averse consumers buy in the forward market if their reserve 
price is higher than the forward price and the risk aversion parameter is above a certain threshold. 
Fluctuations of the spot price are usually explained by the existence of random external factors. The 
model shows that external factors are not necessarily the main reason. In the game describing the spot market 
there are two local equilibria. The first (with the low price) corresponds to the steep slope of the residual 
demand  (p <   , "bear market"). The second  ( with the high price) corresponds to the small slope of the 
residual demand (p >     , "bull market"). At the subgame perfect equilibrium, "bear market" with the lower 
price realizes often in the spot auction, "bull market" with the higher price is typically seldom. 
The paper determines the SPE outcome and compares the price deviation from the competitive equilibrium 
with the Cournot outcome ( Table 2.) under the following assumptions. The market structure is a symmetric 
oligopoly with fixed marginal cost c. There is a linear demand function                                                        and  
a fixed share of risk preferring consumers:        . For risk-averse consumers with  reserve prices  
 , the risk aversion is so high that all of them buy at the forward market . Then , under a given 
forward sales’ volume,   the residual demand corresponds to figure 2. 
 
                                                             
Fig. 2. The residual demand at the spot market. 
 
At the SPE there are two possible prices at the spot market:   realizes with probability  w, price  
 realizes with probability  1-w. Table 3 shows the range of the probability where SPE exists. The 
boards depend on the share of risk-prefering consumers. 
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Table 3. Interval [ ] of admissible values for w, such that the  equilibrium exists 
 
     
        
n=2 - - 0.5464 0.7800 0.4257 0.6742 - - 
n=3 0.6560        0.8105 0.5072 0.8150 0.3839 0.7149 0.3481 0.6812 
n=4 0.6386 0.9171 0.4863 0.8311 0.3625 0.7347 0.3270 0.7018 
n=5 0.6275 0.9227 0.4733 0.8404 0.3495 0.7465 0.3144 0.7141 
n=6 0.6198 0.9263 0.4644 0.8464 0.3408 0.7543 0.3059 0.7223 
n=7 0.6141 0.9287 0.4580 0.8506 0.3345 0.7598 0.2998 0.7281 
n=8 0.6098 0.9306 0.4531 0.8538 0.3298 0.7639 0.2953 0.7325 
n=9 0.6064 0.9319 0.4493 0.8562 0.3262 0.7671 0.2917 0.7359 
n=10 0.6036 0.9330 0.4462 0.8581 0.3232 0.7697 0.2889 0.7386 
 
 
Table 4. The impact of the forward market on the market power of producers 
 
 
    Bushnell 
result         
n=2 - - 0.7724 0.8292 0.6531 0.6324 - - 0.6 
n=3 0.7551 0.6617 0.5953 0.4922 0.4578 0.4284 0.4169 0.4084 0.4 
n=4 0.6509 0.4252 0.4808 0.3689 0.3468 0.3171 0.3093 0.3009 0.29 
n=5 0.5728 0.3390 0.4021 0.2923 0.2773 0.2496 0.2441 0.2364 0.23 
n=6 0.5117 0.2805 0.3450 0.2410 0.2304 0.2051 0.2009 0.1939 0.18 
n=7 0.4625 0.2387 0.3018 0.2045 0.1967 0.2101 0.1703 0.1640 0.16 
n=8 0.4220 0.2074 0.2681 0.1774 0.1714 0.1504 0.1477 0.1420 0.13 
n=9 0.3880 0.1832 0.2411 0.1565 0.1518 0.1325 0.1303 0.1251 0.12 
n=10 0.3591 0.1639 0.2190 0.1400 0.1362 0.1184 0.1165 0.1117 0.1 
 
The results show that market power decreases with the fraction of risk preferring consumers. The 
power reduction is somewhere less than by Bushnell, but substantial enough. 
 
6.Conclusion 
 
Proceeding from these results, the preferable architecture of the electricity market is a two- to three-
stage market in which forward sales and the DAM are organized as a uniform price or Vickrey auction and 
forward positions are observed for all participants. The advantage of Vickrey auction is simple determination of 
the optimal bid corresponding to the Walrasian supply function of an agent. Also there is no loss of the social 
welfare at the equilibrium for this auction.  
The supply function auction with uncertain demand ([17]) is efficient for markets with linear demand 
and marginal cost functions, such that each large generator either works all the time at its maximum capacity 
level, or never reaches this level. However, in a typical case capacity constrains of some large generators are 
binding only in spike periods of a day. Then, according to the recent studies, there is no ground to expect 
realization of the supply function equilibrium.  
  What is the  short-term efficiency of the Russian electricity market? The DAM is organized as a 
uniform price auction, more precisely, as an auction with uniform nodal prices (the network structure is 
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important for the Russian market). Market analysis shows that in some regions the potential market power of 
large companies is high. However, in practice, there are no large deviations from the Walrasian market prices 
corresponding to the estimates and calculations for the Cournot auction. Meanwhile, neither the supply function 
auction mechanism nor the market of forward contracts produce this effect. In reality the market prices are 
limited by the state regulatory agencies that are interested in maintaining  stable and low prices for households 
and large enterprises. The back side of this regulation is a very high cost of connecting new capacities for 
consumers. With the reduction in the use of "manual control“in the market, the issues discussed above will 
become relevant to its development. 
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